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Abstract 

We consider explicit type II string constructions of backgrounds containing warped and 
squashed anti-de Sitter spaces. These are obtained via T-duality from brane intersections 
including dyonic black strings, plane waves and monopoles. We also study the supersym- 
metry of these solutions and discuss special values of the deformation parameters. 



1 Introduction 



The study of three-dimensional maximally symmetric spaces has attracted a lot of attention 
over the years. They arise as near horizon geometries of various D-brane configurations 
and in some cases they can be shown to be exact string backgrounds. Furthermore, anti- 
de Sitter spaces have been used in the context of the AdS/ CFT correspondence [1 j leading 
to a dramatic progress in the understanding of gauge theories, and have found applications 
spanning from black hole physics to condensed matter physics or strongly coupled plasmas. 

Recently, the subject has met with renewed interest |2H3| in the context of the study of 
Topologically Massive Gravity (TMG) with a negative cosmological constant Q}|5l|6). The 
theory admits a family of asymptotically AdS solutions parameterized by the value of the 
Chern-Simons coupling. Moreover, it was found to contain two stable warped AdS vac- 
uum solutions for every value of the Chern-Simons coupling [7J, where the term warped 
stands for the fact that AdS3 is viewed as a Hopf fibration over AdS2, with the fiber being 
lengthened by a constant factoiQ 

In this context a warped AdS3 geometry is obtained by changing the radius of the S 1 
fiber over AdS2- In a suitable coordinate system, we are considering Minkowskian three- 
manifolds endowed with a one-parameter family of metrics 



ds 2 [WAdS 3 ] = R 2 



dco 2 — cosh 2 a>dT 2 H = (d/3 + sinhwdr) 

cosh 7 „ 



(1.1) 



where Cl w is the deformation parameter that interpolates between AdS3 for © w = and 
AdS2 xS 1 for © w — > oo. Similarly, one can consider a squashed sphere obtained by changing 
the radius of the S 1 fiber over S 2 . This is described by the one-parameter family of Euclidean 
metrics 



ds 2 [SqS 3 ] =R 2 



dO 2 + sin 2 9d(p 2 H = (da + cos ocdtp) 2 

cosh 0„, 



(1.2) 



where © m interpolates between S 3 (for © m = 0) and S 2 x S 1 (for m — > oo). 

Squashed spacetime geometries are not new and have been studied in the context of de- 
formed CFTs which were partially motivated by the search for black holes that generalised 
BTZ-type backgrounds. A string theory realisation of metrics including three-spheres and 
warped AdS3 spaces was presented in ISJOEQl. There, such configurations were obtained 
as exact marginal deformations of SU(2) and SL(2, R) Wess-Zumino-Witten models, thus 
providing by construction a worldsheet theory. In particular, it has been shown how to com- 
pute the partition function in the compact case and the spectrum of the primary operators 
in the non-compact case. Such configurations, that rely on a non-vanishing NS-NS field, are 
not the subject of this note but we expect them to be related by S-duality to the ones that we 
will describe. 

It is natural to ask if one can use the AdS/ CFT correspondence to study string theory on 
these three-dimensional warped /squashed backgrounds. Initial studies where made in the 



1 For clarifications on the use of terminology with respect to the use of the terms "squashed" and "warped" 
we direct the reader to 161. 
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context of TMG in |TTf . since the thermodynamic properties pointed at the existence of a two 
dimensional boundary CFT dual to the geometry. Further examples were analysed in [12 j as 
to include warped solutions arising from theories of Einstein gravity (such as Topologically 
Massive Electrodynamics and gravity coupled to a perfect fluid) and string theory |[T0llT3l . 
Particular attention has been given to Godel black holes, as their non-flat part can be inter- 
preted as resulting from the squashing of AdS lightcones |l"4"l and are known to represent 
exact string theory backgrounds l|T5ll . 

In all of the examples above it was possible to define an asymptotic symmetry algebra 
leading to well-defined conserved charges. The value of the central charge was then com- 
pared to that obtained from the Bekenstein-Hawking entropy. These observations and the 
fact that black strings with near-horizon geometries WAdS3 x S 3 arise as Hopf-T dualiza- 
tions [16 j of dyonic black strings in six dimensions (which in turn has an AdS3 xS 3 horizon) 
lead to the following duality chain ffT2| : 

CFTx < — ► AdS 3 xSf K WAdS 3 xS 3 2 < — ► CFT 2 . (1.3) 

However, it was pointed out in the same paper, that there was no D-brane interpretation of 
the Hopf T-dual black string with near horizon geometry WAdS 3 xS 3 . A step towards that 
direction was given in [17], where Godel space emerged from an M-theory compactification 
of the form Godel x S 2 x CY 3 , which was interpreted as coming from the backreaction of 
M2-branes wrapping the S 2 . 

In this note, our aim is to improve our understanding of these vacua by their explicit 
realisation in string theory and to study their supersymmetry properties (at the level of su- 
pergravity). In order to do so, we will make use of the standard brane intersection rules 
for building supergravity solutions, and the application of a form of T-duality at the level 
of the ten-dimensional theories. Our starting point will be the IIB setup obtained by T- 
dualizing the D = 4 extremal dyonic black string, which has been widely studied in the 
past |18l[T9ll20ll2T| . We will then show that by adding a plane wave or a monopole and T- 
dualizing along a fiber coordinate, it is possible to obtain backgrounds in which a maximally 
symmetric subspace becomes warped or squashed. 

The plan of this paper is as follows. In section [2] we state our main results; we explic- 
itly build the squashed /warped solutions in II A supergravity and provide an interpretation 
in terms of D-branes with monopoles and /or waves. We then discuss the supersymme- 
try properties of the solutions in section [3] by direct computation of the associated Killing 
spinors and comment on specific limits of the deformation parameter. Finally we present 
our conclusions and provide some possible directions into future research. 
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2 T-duality for Dl/D5/monopole/plane wave backgrounds 



Main result 

In this section we derive our main result. By T-dualizing the D = 4 extremal dyonic black 
string solution we can construct a type II string setup with metric 

d S 2 = .M 3 +£ 3 + r 4 , (2.1) 

where .M3 is either AdS3 or a warped anti-de Sitter space with radius R and warping param- 
eter sinh0 I() , and S3 is either a three-sphere S 3 (R) or a squashed three-sphere with radius R 
and squashing parameter sinh0 m . 

The extremal dyonic black string 

Consider the type IIB setup obtained as the superposition of a D1/D5 system with a mag- 
netic monopole and a plane wave. This was already described in Ij22"| as the T-dual to the 
D = 4 extremal dyonic black string^] The metric, dilaton and RR three-form field are 

ds 2 = H\ I2 H\ 12 (h^Hs 1 (dude + Kdu 2 ) + H 5 l (dy\ + . . . dyf) + 

+ V- 1 (dip + A f dx f ) 2 + V {dx 2 + . . . dx 2 ) \ , (2.2) 



e 2 <P = H^H 5 , F [3 ] = Hf Mf A du Adv- B,dx ! ' A dip , (2.3) 

where Hi(x), Hs(x),K(x), V(x), A ; (x), B ; (x) are harmonic functions of the transverse coor- 
dinates x,,z = 1,2,3 and 

dB = - * dH 5 , dA = - * dV . (2.4) 

Passing to spherical coordinates (r,6,(p) for x l and taking the r — > limit, the harmonic 
functions take the form 

H Qi H 5 = ^, K = ^, V=^, (2.5) 

r r r r 

and in a suitable coordinate system the field configuration becomes 

ds 2 = Q,„Q{ /2 Ql /2 (-dr 2 + da; 2 + Q w da 2 + 2Q It) 1/2 sinha;d(7dT) + 

+ QmQ\ /2 Ql /2 {d6 2 + d<p 2 + dip 2 + 2 cos ddipd<p) + Qj /2 Q 5 1/2 (dyf + • • • + dyi) , (2.6) 

2 The intersection of an NS-NS 1 -brane and a NS-NS 5-brane generates a dyonic black string in ten-dimensions 
that when reduced to six yields the dyonic black string geometry. 
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e 2 t = Qi l Q 5 , F[ 3 ] = Q m Q[ /z Q L 5 /z (cosh codT A dco Ada + sm9d(p Adxp Ad6) . (2.7) 



yL/2,-,1/2 



Note that the metric is still AdS3 x S 3 x T 4 , just like in the near-horizon limit of the more 
standard D1/D5 systenj^j Some of the variables are periodic by construction. Moreover, 
one can impose a discrete identification in the anti-de Sitter part, leading to a BTZ black 
hole 1 23]. In detail we have the following periodicities: 



Ip = 1p +4:71 , 

a = a + 471, 
yi = yi+27t. 



(2.8) 



This is not unlike the BTZ identification, which strictly speaking differs from the black string 
geometry, but which is nevertheless well understood. Keeping this into account we can 
introduce a new pair of 47r-periodic variables a and f>: 



tp = a + 2i/i 



a = P + 2y 2 , 



(2.9) 



Notice that the coordinates stop describing an external (to AdS3 x S 3 ) torus when we in- 
troduce the coordinates a and /3, which are linear combinations of the and angular coordi- 
nates in AdS and the sphere respectively. We now rewrite the metric as: 



ds 2 = R 



dcv 2 — cosh 2 o;dr 2 + 



cosh 2 7 , 



(dj6 + sinho;dT) 2 



+ R 1 



dO 2 + sin 2 6d<p 2 + 



cosh 0„ 



(da + cos6dcf>y 



R 2 

+ 72 ( d V3 + d Vl) 

sinh & m 



(dz m + Rtari\© w (d^ + sinhwdr)) 2 + (dz m +Rtanh0 m (da + cos0d</>)) 2 



(2.10) 



where the parameters R, m and & w are related to the charges by 

R 2 = Qm^QiQs, sinh 2 m =4Q m Q 5 , sinh 2 0^ = AQ w Q m Q 5 , (2.11) 



and 



2R 



tanh0, 



-yi. 



2R 



tanh0 : 



-y 2 . 



(2.12) 



where y 2 = \fQ7oyi- 



Type IIA backgrounds 

Up to this point we have only obtained a rewriting of the background fields. Now comes the 
main point in our construction. Both the AdS3 and S 3 geometries can be understood as Hopf 
fibrations (respectively of AdS2 and S 2 ), and performing a T-duality in the direction of the 

3 Here the limit Q m — > is singular, since in this configuration we only have 3 transverse coordinates 
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fiber can undo the structure. The only technical problem that arises in this situation is related 
to the presence of the Ramond-Ramond fields that are not considered in the usual Buscher 
transformations [24J. This situation has already been studied in the literature (see e.g. l25l 
l26l Il6l l27l l28l l29l ). Nevertheless, it is instructive to consider a possible approach in detail. 



Starting with the type IIB background in Eq. (2.10 1 we obtain a type IIA T-dual background 
by the following set of transformations (described in more detail in Appendix [B]): 

1. Reduce the type IIB background to nine dimensions in the direction z; 

2. Rewrite the nine-dimensional IIB fields in terms of nine-dimensional IIA fields (in 
nine dimensions type IIA and IIB are the same) 

3. Oxidate to ten dimensional type IIA introducing the variables T-dual of z,-. 



The Squashed Sphere. As an example we will now apply this construction by performing 
a T-duality in the z m direction. If we single out the coordinates in the sphere component, the 
fields read 



ds 2 = AdS 3 [R] + T 3 + R 2 



1 



d0 z + sin z 9d(p z + 

cosh m 
[dz m + R tanh m (da + cos Odcp)] 2 



{dct + cos8d(py 



F 3 = <^AdS + r2 sin Odd A d(p A da + R tanh m sin 9d6 A d</> A dz, 



(2.13a) 



(2.13b) 



and we can perform a Kaluza-Klein reduction on z m and go to nine dimensions. The metric 
reads: 



dsl = AdS 3 [R] + T 3 + R 2 



dO 2 + sin 2 ed<p 2 + 



cosh 2 0„ 



(da + cos6d(py 



and the gauge fields are obtained from: 



F 3 



:(3) 



F 2 (3) A(dz m + A), 



(2.14) 



(2.15) 



where is the wj-form obtained from the reduction of a n-form and A is the one-form 



A = R tanh © m (doc + cos Odcp) . 
Explicitly adding the extra Kaluza-Klein two-form: 



:(3) 



.(3) 
2 



R 2 



<^AdS 



cosh © r 



sinfldfl A d(p A da 



Rtanh0 m sin0d0 Ad<p 

dA = R tanh m sin Odd A d<p. 



(2.16) 



(2.17) 

(2.18) 
(2.19) 



Now, let us perform a T-duality to go to type IIA. Given that there is only one supergravity 
theory in nine dimensions, the fields keep their expressions but the interpretation changes 
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according to Tab.jlJ F^ now comes from the reduction of a four-form in ten dimensions, F^ 
from a two-form and F^ is now obtained as the result of the reduction of the Kalb-Ramond 
field: 



:(4) 



:(3) 



:(2) 



:(3) 



,(B) 



± 3 — ± 3 l l — l 2 A 2 

We can oxidise back to ten dimensions and get a IIA background: 

1 



:(g) 



(2.20) 



ds 2 = AdS 3 [R] + T 3 + R 



F 4 = F 3 (4) Ad ^ 



d0 z + sin 2 6d<p z H \ (da + cos 9d(pY 

cosh © m 

R 2 1 

w AdS + 2 s * n A d</> A da 

cosh m 



(2) 



Rtanh0,„ sin0d0 Ad(p 



F 2 = F : 

H 3 = F 2 B A d£ m = R tanh m sin 0d0 Ad^A d£„ 



dCm (2.21a) 

(2.21b) 

(2.21c) 
(2.21d) 



Even though the squashed sphere is not a group manifold, we can still use techniques 
borrowed from group theory. In particular, we can derive that the isometry group for this 
part of the metric is SU(2) x IT(1) and that the spectrum of the scalar Laplacian is 



A ® m y ii = ^2 { l ( l + !) + sinh2 ®rn ) 2 } Yij I = 0, 1/2, 1, ...;; = -/,...,/ , 



(2.22) 



where Yu are the usual three-dimensional spherical harmonics. More details can be found 
in Appendix [A| 

It is worthwhile to emphasize that by construction a is 47r-periodic and the geometry is 
the one of a respectable squashed three-sphere. 

A similar construction was considered in ||T6| . In that case, though, the authors started 
with an AdS 3 x S 3 geometry supported by both RR and NS-NS fields that was then reduced 
on one of the sphere isometries, yielding a Lens space S 3 /Z p or a squashed version, where 
p and the squashing depend on the values of the charges. This is clearly an orbifold of the 
solutions above. Our construction starts with a different background (which also includes 
a monopole and a plane wave) and RR fluxes and we consider T-duality along an extra- 
dimension which is a linear combination of the Hopf fiber coordinate on the S 3 (or AdS 3 ) 
and a torus direction. To be more specific, consider the S 3 x S 1 part. The geometry can be 
understood as the fibration 

S 1 x S 1 > S 3 x S 1 



(2.23) 



S 2 



where one of the directions in the torus fibration is the Hopf fiber in S 3 . A Si sub-bundle 
A of the torus, obtained as a rational linear combination of the two directions, describes a 
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fibration 



A ► S 3 x S 1 



(2.24) 

SqS 3 

where the squashing parameter depends on the coefficients in the linear combination. Note 
that just like in the pure S 3 case described in IH6H , since we only have RR fields, performing 
T-duality in the A direction will "unwind" the fiber and lead to a geometry which is the 
direct product SqS 3 x S 1 . The same can be applied to the AdS3 x S 1 part. 

Finally given that our starting geometry is supported by RR fluxes only our construction 
is not suited to describe the exact CFT backgrounds of ||9j. [101 [3Ql . Since these latter are based 
on Wess-Zumino-Witten models, they have NS-NS fields instead of R-R fields a T-duality 
in the z m direction would not trivialize the Hopf fibration. 



Warped AdS. In principle these constructions can be extended to other group manifold 
geometries (e.g. the obvious choice leading to a squashed AdSs) but in any case one should 
start from a configuration with RR fields, since the absence of NS-NS antisymmetric fields is 
the key ingredient for the trivialization of the fiber bundle. More general geometries can be 
obtained by starting with a mixed RR-NS-NS configuration. Starting with the background in 
Eq. ( |2.10[ ), the construction can be performed in two more ways: 

1. Performing the T-duality on the coordinate z w . This leads to a type IIA background 
whose metric is WAdS3 x S 3 x T 4 , sustained by a four-form flux, a two-form flux and 
a Kalb-Ramond field. Explicitly: 



ds 2 = R 



dco 2 — cosh 2 codr 2 H ^— — (d/3 + sinha^dr) 2 



R 2 co s 



R 2 



cosh 2 7 , 



cosh codco A dr A d/3 



cosh 2 ©a, 
F2 = R tanh © w cosh codco A dr , 
H3 = R tanh © w cosh codco A dr A d£, zv . 



A dC w , 



d£ 2 +S 3 [R] + T 3 , 

(2.25a) 

(2.25b) 

(2.25c) 
(2.25d) 



2. Performing two T-dualities in both z m and z w , which leads to a type IIB background 
with metric WAdS 3 x SqS 3 x T 4 . In this case, following Appendix |bJ we find that the 
metric is sustained by a five-form flux, a three-form flux and a Kalb-Ramond field. 
Explicitly: 



ds 2 = R 2 



de 2 + sm6 2 dcp 2 



R 



cosh 2 0„ 



(dt>i + cos6d(py 



cosh 2 o;dr 2 + da; 2 



cosh 7 , 



(d^ + sinha;dT) 2 



+ d£ 2 +d£ 2 +T 2 , 

(2.26a) 



7 



R 



cosh 0» 



sin 6d6 A dip Ada 



cosh 0, 



cosh codT A do; A d/3 



A d£ w A d^n , 
(2.26b) 

F 3 = -R tanh ro cosh o;dr A da; A d£ w + R tanh m sin 0d0 Ad^A d£ w , (2.26c) 
H 3 = -R tanh iy cosh o;dr A do; A d£- tt , + R tanh m sin 0d0 AdcpA d£ m . (2.26d) 



3 Supersymmetry Properties 

T-duality transformations can break supersymmetries preserved by D-brane solutions. This 
has already been observed in the context of Hopf T-dualities on six-dimensional supergrav- 
ity backgrounds of the form AdS3 xS 3 ||T6| . The phenomenon is akin to the breaking of 
supersymmetry by compactification on a circle, so the resulting supersymmetries will be 
those that survive the circle compactification. 

In the following we compute the explicit expressions of the Killing spinors for the geome- 
tries obtained above, and verify that under T-duality, the IIA backgrounds with squashed/ warped 
spacetimes preserve 1/4 of the supersymmetries of the original D1/D5 background. We also 
show that for specific values of the deformation parameter some supersymmetries are re- 
stored and that generically IIB backgrounds containing both warped AdS and squashed 
spheres preserve no supersymmetry. 



3.1 AdS 3 xS 3 xT 4 

We start by calculating the Killing spinors in the AdS3 x S 3 x T 4 background^] The details 
can be found in appendix [C] here we will just quote the main results. The Killing spinors 
read: 

where V± = are projection operators acting on the doublet e = ( e e \ ) and the con- 
stant spinors eo are also complex Weyl spinors arising from the integration constants. These 
spinors are contrained as to satisfy the standard T 4 projection 

( 7 12345 + eo = 0. (3.2) 

which implies the preservation of 1/2 of the supersymmetries {i.e. 16 supersymmetries re- 
main unbroken). 

Further insights can be obtained by looking at the explicit expressions of the Killing 
spinors. Half of them depend on the fiber coordinates o~, cp: we conclude a priori that under T- 
duality the spinors associated to those supersymmetries are broken and the IIA background 
will preserve 1 /4 of the original supersymmetry. 



4 Killing spinors for backgrounds of the form AdS p x have been computed in horospherical coordinates 
in|3Tl. 
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3.2 Warped and Squashed Backgrounds 

We now compute the Killing spinors for the T-dual backgrounds explicitly. For the technical 
details we refer the reader to appendix [D] We take e to be Majorana but not Weyl. 

If the T-duality is performed along the sphere fiber a, one obtains e = e\ (to, r, cr)e2(6, <p, Oi)eo, 
where 6q is a constant Majorana spinor and 



ei (cv, t, a) = exp { - | 7 02 Q + } exp { | 7 12 Q + } exp { | 7 01 Q_ } (3.3) 
e 2 (p,<p,x) =exp|^ 7 0123 Q 



exp <j tanh 2 © m cos 9 ( | J 7 34 \ Q_ 



(3.4) 



+ exp || 7 34 | Q+ exp {- sech 2 m | 7 34 Q_} 

and Q± = ^jp-. The Killing spinor is also subject to the constraint: 

7 34 Q+r n e = (3.5) 

which turns into a constraint on e$. Writing e = e + + e_ with Q±e± = ±e± then one 
can verify that only the supersymmetries associated to the e_ spinors are preserved after 
T-duality. The solution is 1/ 4-BPS. 

When the deformation parameter is such that sech m = 0, there are no spinors depend- 
ing on the T-dual coordinate and supersymmetry is restored to 1 / 2-BPS. This corresponds 
to the case in which the S 3 becomes S 2 x S 1 15011521. 



In the other case, when the T-duality is done along the AdS fiber B, one expresses the 
Killing spinor as e = e\ (9, tp, (p)e2{co, r, B)eo, with 

£l {9, ip, <p) = exp | d - 7 45 Q + 1 exp j | 7 34 Q + j exp j - | 7 34 Q_ j (3.6) 
e 2 {co,T,B) = exp {-| 7 134 5q_} [exp {- tanh ro 2 sinh^ (^) 7 01 } Q+ 
+ exp{^ 7 0345 } Q_] exp |- sech 2 O^T^Q+j 



(3.7) 



with the spinor satisfying the constraint 

7 01 Q+r n e = (3.8) 

which once more, turns into a constraint on eo. For e = e + + e_, only the supersymmetries 
associated to the e+ spinors will be preserved after T-duality and the solution is again 1 /4-BPS. 

Just as before, in the special case when the deformation parameter is such that sech © w = 
0, AdS3 becomes AdS2 xS 1 , there are no spinors depending on the T-dual coordinate, and 
supersymmetry is restored to 1 / 2-BPS. 
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3.3 WAdS 3 x SqS 3 x T 4 



Instead of determining the expressions for the Killing spinors of the IIB background obtained 
after two T-dualities in which both the sphere and the anti-de Sitter space are squashed /warped, 
we can directly argue that all supersymmetries must be in general broken. 

Let e be a Weyl complex spinor in 10 dimensions and let T± = be a projection oper- 
ators. Decomposing e = e + + e_ with T±e± = ±e±, one can check that for this background 
the following conditions need to be held. 

• From the vanishing of the dilatino variation 

tanh© Z( ,7 01 e_ = tanh0 m 7 34 e+ = . (3.9) 

• The Killing spinor satisfies T n e = e. 

Imposing these projections necessarily yields the condition 

tanh0 m = -ztanhOa, (3.10) 

for supersymmetry to be preserved. Hence, for generic values of the deformations all the as- 
sociated supersymmetries must be broken. However, it is possible to see that there is restauration 
of 1/2-BPS in the special case of AdS2 x S 2 x T 6 background. 

4 Conclusions 

In this note we have explicitly constructed string theory backgrounds which include three- 
dimensional squashed /warped spheres /anti-de Sitter spaces. They can be seen as T-dual 
brane intersections of Dl and D5 systems with monopole and /or plane waves. The defor- 
mation parameters of the squashed /warped spaces are interpreted in terms of the charges 
of the original background. 

We also studied the supersymmetry properties of these backgrounds by explicitly calcu- 
lating the Killing spinors. Under T-duality, IIA backgrounds containing SqS 3 or WAdS3 pre- 
serve eight supersymmetries for generic values of the deformation parameter. In the special 
case of infinite deformation parameter cosh © m ,w — > °°, some supersymmetries are restored 
and the backgrounds preserve sixteen supersymmetries. The same arguments can be ap- 
plied to the IIB background in which both the sphere and the AdS space are squashed/ warped, 
but for generic values of the deformation parameter, no supersymmetry is preserved. 

It should be remarked that the previous results were obtained in the context of super- 
gravity. It is well-known that spacetime supersymmetries that are manifest in some string 
background might very well be hidden in their T-dual Il33ll34l . There are examples in the 
literature in which supersymmetry that seemed to be destroyed by duality could actually 
be restored by a non-local realization |35l |36| . To clarify these issues, it would be neces- 
sary to study the precise T-duality here addressed at the level of the GS action for a IIB 
AdS3 xS 3 x T 4 background |37| . An analysis from the perspective of the dual CFT would 
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also be enlightening as all worldsheet and spacetime supersymmetries should remain sym- 
metries of the underlying CFT. We leave these and related questions as future work. 

The same construction works for any metric that posses an S 1 fibration and formally also 
for S 3 fibers, even though in this case, some modifications would need to be included (in 
particular in order to generalize the T-duality to non-Abelian fields). Another possibility 
would be to follow the procedure along the time-like S 1 fiber in AdS3, which would lead to 
a hyperbolic plane (H 2 ) geometry in type II* backgrounds with negative kinetic terms. 

It would be interesting to use these solutions to compute holographic data, thus formu- 



lating in a more precise way the duality chain in ( 1.3 1. For the case in which the AdS space 
becomes warped after T-dualizing, an appropriate embedding in an asymptotically AdS 
background would be required, following the procedure in |17|). We believe the geometries 
here presented constitute a first step towards attempting to uncover the microscopic duals 
of these backgrounds. This issue is currently under investigation. 

Another possibility that we have not fully explored in the present note consists in T- 
dualizing the dyonic black string background along a direction that mixes the two initial 
coordinates ip and a. The resulting geometry (in type IIA) is described by the metric 



ds 2 = R 2 



dor — cosh codr + 



+ R 2 



cosh © w 
dO 2 + sin 2 dd(p 2 4 



1 2 

2 — (d/3 + sinho;dT) 



cosh 0„ 



(da + cos0d</>) : 



+ 2R 2 tanh0 l[ ,tanh0 m (d j 6 + sinho;dT) (da + cos Qdcp) + T 4 , (4.1) 

which can be reduced to any of the previously discussed configurations, WAdS3 x S 3 and 
AdS3 x SqS 3 , by setting the relevant charges to zero. 
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A Group theoretical description of the geometry 

Isometries. In order to understand the isometries of the squashed and warped spaces it is 
convenient to describe their geometry in algebraic terms. This is possible because both the 
three-sphere and AdS3 are group manifolds, respectively for SU(2) and SL(2,R). It follows 
that their line elements can be written as 

ds 2 = R 2 Trlg-'dgg-'dg) = R 2 £f ® f , (A.1) 

a 

where g G G is a general element of the group, } a = Tr[t"g~ 1 dg] and t" are the generators 
of the Lie algebra (sw(2) or s/2). The effect of the T-duality amounts to adding an extra 
term to the metric, proportional to (/ 3 ) (in the SI2 case, / 3 is the hyperbolic generator). The 
squashed /warped metric is written as 

ds 2 [0] = R 2 (j 1 <8> J 1 +/ 2 ® J 2 + 1 -^f ® A . (A.2) 

V cosh / 

The initial group manifold has G x G isometry generated by J a = Tr[t a g~ 1 dg] and j a = 
Trlfdgg^ 1 ], but only part of this symmetry remains after the T-duality. To be precise, while 
the J" generators are preserved, since they commute with the current J 3 , both J 1 and J 2 are 
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not Killing vectors anymore, as one can verify with a direct calculation of the Lie derivative 
of the metric: 

Cji [ds 2 [0] ] = 2R 2 tanh J 2 ® J 3 , (A.3) 
Cj 2 [ds 2 [0] ] = 2R 2 tanh J 3 ® J 1 . (A A) 

The resulting isometry group is G x U(l). 

Scalar Laplacian. As an application of this description, let us derive the spectrum of the 
scalar Laplacian on the squashed/warped geometries. Consider in particular the squashed 
three-sphere SqS 3 (R, sinh m ) . Let E a be the basis vectors in S 3 , such that {J a , E b ) = 5 a b . The 
drei-bein { 6 a } and the dual basis vectors { e a } on SqS 3 (R, sinh m ), defined by 

3 

ds 2 [SqS 3 (R, sinh m ) ] = £ a ® 6 a , (6 a , e b ) = 6\ , (A.5) 

can be expressed as 

9 1 = RJ 1 , 2 = R} 2 , 6 3 = — J^/ 3 , (A.6) 



cosh© 



m 



l r l r cosh m 
e l = ^ £ l' 62 = R 2/ S3 = R 3 ' ^ ^ 

By definition, the connection one-form a; is given by 

d0 fl = -a; fl b A 9 b , (A.8) 

and since 

dj a = \e abc J h f\J c , (A9) 

it is clear that co a h is proportional to e abc 6 c and hence (co a b ,e a ) = 0. We have now all the 
ingredients to express the scalar Laplacian operator on SqS in terms of operators on the 
three-sphere: 

A 0ffl / = ~e a e a f + {co a b , e a ) e b f = ^ { {A + 4 + 4) + srnh 2 © m E 2 } = 

= ^ (A o + sinh 2 m £ 2 ) . (A.10) 

Now observe the following: 

• E\ + E\ + £ 2 = Ao is the Laplacian on the three-sphere. This has eigenvalues / (/ + 1), 
/ £0,1/2,1,... 

• £3 is the z component of the angular momentum on S 3 . It has eigenvalue },—l<j<l. 

• Since the Laplacian on S 3 is also the Casimir of SU(2), [Ao, £3] = 0. 
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The operators A@ m , Ao and £3 are commuting and admit the same eigenvectors. Moreover, 
the spectrum of A© m is given by the sum of the two contributions. Explicitly, the eigenvalue 
equation reads 

A ®». y ij = ^2 { l ( Z + !) + sinh2 ®™ j 2 } Yi f I = 0, 1/2, 1, ...;;' = -/,.. .,/, (A.ll) 

where Yu are the three-dimensional spherical harmonics. 

In a similar way, one finds that the Laplacian spectrum on WAdS3(R, sinh 2 © w ) is given 
by the sum of the Laplacian of AdS3 and an extra component sinh 2 © w / R 2 j 2 . 

B T duality with R-R fields 

In the II solutions we consider, the role of sustaining the geometry is taken by R-R field 
strengths. In particular this means that the usual Buscher rules [24 J prove insufficient and 
we are forced to follow a slightly more involved path to write T-duals: derive two low- 
energy effective actions and explicitly write down the transformations relating them (in this 
we will follow the same procedure as in [38. 16j). 

In ten dimensions, type IIA and IIB are related by a T-duality transformation, stating that 
the former theory compactified on a circle of radius R is equivalent to the latter on a circle 
of radius 1/R. This means in particular that there is only one possible nine-dimensional 
N = 2 SUGRA action. The rules of T-duality are easily obtained by explicitly writing the two 
low-energy actions and identifying the corresponding terms. 

For sake of clarity let us just consider the bosonic sector of both theories. In 11391 140| it 
was found that the IIA action in nine dimensions is given by 

- Te P W A A 4'l ' " - e P K A f [31 A A ® ■ (B ' 1 » 

where O is the original dilaton, is a scalar measuring the compact circle, defined by the 
reduction (in string frame) 

ds 2 = e ° /2 ds 2 = e° /2 (VM^ds 2 + e^ /2 (dz + ^ (1] ) 2 ) (B.2) 

and Fr n ] are n-form field strengths defined as 

Fr , _ p r , p(l) a aW p(2) A a(2) 1 p(12) .(1) A (2) _ . v 

t [4] - t [4] - t [3] A A {1] - t [3] A A m - -t [2] A A {1] A A {1] (b.Ja) 
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IIA IIB 

D = 10 D = 9 D = 10 



1 ) 1 1 

K— K 

fields 


A 3 
A {1) 


A 3 

A (2) 
A 2 

A {1) 

^ (12) 


A 3 

A R 

Af 
A? 
X 


B 4 
Af 


NS-NS 
fields 


4 1 ' 


Af 2) 


Af 
Af 
^1 


Af 



Table 1: T-duality dictionary with R-R fields 



p(l) 

t [3] 


_ _ £(12) , (2) 
_ r [3] r [2] A ^[l] 






p(2) 
*[3] 


_ p(2) (12) . (1) _ . (12) 
~~ r [3] ^ r [2] A ^[l] ^[O] 


^[3] 


-F (12) A^ (2)N 1 

M2] 


t [2] 


_ p(12) 
~ t {2] 






x-(l) 
^[2] 


- 77(1) 1 4(12)x-(2) 






tt(2) 

M2] 


_ *(2) 
-^[2] 






77(12) 
^[1] 


77(12) 
~M1] • 







(B.3b) 
(B.3c) 
(B.3d) 
(B.3e) 
(B.3f) 
(B.3g) 

In the same way, starting from the IIB action one obtains the following nine-dimensional IIB 
Lagrangian: 

e-'L m = R - i(3<t>) 2 - \(}<P? - \e™{d X ) 2 + 

- i%] A f [4] A ^ - \ Pf A iff A A[ 3 ] . (B.4) 

Knowing that both describe the same theory we easily obtain the conversion table in Tab. [l] 
which acts as a dictionary between IIA and IIB in ten dimensions plus the following relation 
between the scalar fields 



%\ = / 3/4 -V7/4\ Al>\ 
*)ua V-^/ 4 -^iWne 



(B.5) 



This completes the T-duality relations generalizing the usual ones [24J valid in the NS-NS 
sector. 
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C Killing spinor equations in Type IIB SUGRA 



Type IIB supergravity contains a dilatino A and gravitino ipM which can be expressed in 
terms of complex Weyl spinors. At tree level, unbroken supersymmetries are manifested by 
the invariance of the fermionic fields under the possible supersymmetry transformations. 
Supersymmetric configurations satisfy the following equations 



SA = iT M e*P, 



M 



^KLN 



24 



Gkln e — , 



(C.la) 



5xpM = f m£ + gg ( ^m KLN Gkln — 9F ln Gmln ) <■'" 



i 



4-480 



-■Mi •••Ms 



(C.lb) 



where we have chosen the complex Weyl spinors to satisfy T^xpM = ipM, E( n 'e = e, and 
T^ 11 ^ = —A. The equations above are expressed in Einstein frame |4"T]. 

Let us now build the Killing spinors in the AdS3 x S 3 x T 4 background. The vielbein for 
the Einstein metric reads 



e(°) = R cosh(co)dr eW = Rdw = R sinh cvdT + Rda 

e (3) = Rd9 g( 4 ) = R sm(9)dxp = R cos 0d6 + Rd<p 

e®=dXi (i = 6,---,8) = dl, 



(C.2) 



(Note that here we have rescaled the torus coordinates with respect to the metric in ( 2.10| l). 
The covariant derivatives are 



V T = d T 



1 r 
4 

1 



sinha>7 01 + coshc<;7 
cos #7 34 - sin 07 35 



12 



da, + p 



02 



V a = d a + - 7 °\ (C.3a) 



r7 



45 



r7 



34 



V i = d i ,{i = 6,--- ,9). 



(C.3b) 
(C.3c) 



where we indicate with lower case greek letters the Dirac matrices in the orthonormal frame 
(tangent space). The gamma matrices in the coordinate frame Em can be expressed in terms 
of the gamma matrices y a in the orthonormal frame as 



r T = R [cosho;7o + sinho^] 
Eg = R73 

Ti = 7i, (i = 6,...,9), 



Ea; 

E 



>P 



K71 

R [sin 674 + cos 675] 



E,, = R72 

r* = R75 



(C.4a) 
(C.4b) 
(C.4c) 



and 



E T 

r 



1 

R 
1 

R 



secha>7 

7 3 







Y, (i = 6,...,9) 



-pa' 



1 1 

R 7 

— esc #7 



T a = - [-tanha>7° + 7 2 



1 
R 



cot 07 4 - 7 5 



(C.5a) 

(C.5b) 
(C.5c) 
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The SU(1, 1) -invariant three-form field G is given by 

„ i 



'[3] 



dC [2 ] - t dBp] 



(C.6) 



where T = Ti + ZT2 = C[ ] + nB is the complex scalar field which contains the R-R zero- 
form Cr ] and the dilaton <§ub, Q21 is the R-R two-form and Br 2 i is the NS two-form field. For 



our field configuration: 

Gr 3 ] = z'R 2 [sin 0d0 A dt/> A d</> + cosh o;dr A do; A da] 
and we can set the dilaton to zero. The dilatino variation reads 



(C.7) 



6\ 



^KLM 



24 



( r e ^G, 



c=l l7 354 + 7 012 



Gklm — 

e = 



so that 



( 7 012345 + ljr _ 



The gravitino conditions are 



dipt = d t e- - 



sinh co^y 01 + cosh coy 



12 



+ 



16 



cosh a; ( 7 0345 + 3 7 12 ) + sinh w (j 2Mb - 3 7 U1 ) 



2345 



,.01 > 



0, 



1 02 i 

d » £ + P £ + T6 
5ip a = d a e + p 01 e + ^ L 



3 7 02 + 7 1345 



_3 7 01 +7 2345 



0, 



o, 



3 7 45 + 7 0123 



1 r 

£t/ty = dye + - sin 9^y 35 - cos #7 34 



+ 



16 L 



sm( 
1 



7 oi24 + 3 7 ^) _ cos 0( 7 u^ + 3 7 



..35 



0, 



0125 



,.34^ 



o, 



^ = 9^+l 7 34 e _^^ 7 34 + 7 0125 

Sxi = die = Q, (i = 6,---9). 



0, 



(C.8a) 
(C.8b) 

(C.9) 



(CIO) 



The last equation tells us that the Killing spinors are constant around T 4 . Imposing the 
dilatino condition (C.8 \, the previous equations simplify tc[^] 



£2. 



1 

2 F 



ei 

e 2 . 



(C.ll) 



5 Notice that (7 1 



012345 



+ 1)6* =0 
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with 

Q f = (sinh o;7 01 + cosh coj 12 ^j ®V+ Cl w = -7 02 ®J>+ 0, a = -7 01 ® P_ (C.12a) 
CU = (- sin 07 35 + cos 07 34 ) ®V+ Q 9 = 7 45 ® O* = ~7 34 ® P- (C.12b) 



where e* = —icr^e and we have defined the projectors V± — Note that = A( 32 ) ® 
Pi so that A32 is a 32 x 32 matrix which has the property A 2 = ±1 for fixed value of ji. 
Hence schematically CI 2 = ±132 ® T 7 . Making use of these facts and the following identity 

exp Qx = (1 32 ®P) + (cosh x + A sinh x) <g> 7? (C.13) 



where V = 1 — V , one can integrate (C.ll 1 and solve for the Killing spinor e. We write 



e = Cajeteo-eee^eip. The Killing spinor has the form: 

e = g-^s^+g^^+gl^s^-gST^^+gf^^+g^T 3 *®^-^ (c.14) 



The constant spinors €q arising from the integration constants, is constrained by the projec- 
tion 

V 12345 + l)eo = 0. (C.15) 
so that 16 supersymmetries remain unbrokerj^] 

C.l Squashed Sphere and Warped AdS 

The field configuration for this type IIB background that arises after two Hopf T-dualities is 
determined by eqs. (2.26) . The covariant derivatives are: 

(sech 2 © w - 2) 01 sech © w 12 sech W 02 

D T = 3 T + ^- - '- smho;7 Ui cosho;7 iZ V w = d w -\ Y 

sech 2 zt , 01 sech0,„ 45 . 
^ = 9/j H 1 7 V = d Y X),- = 9„ 1 = £„, £ W/ 8, 9 

(sech 2 m -2) 34 sech0 m . 35 sech 2 m 34 
= d<* + 1 ~ cos 07^ H sin 6Y V lx =d a -\ Y 



(C.16) 



and the gamma matrices in the coordinate frame Tm read 



T T = R(— cosh 077° + sech0 r „ sinho;7 2 ) T<p = R(sin07 4 + sech m cos 07 5 ) 

T W = RY T e = R 1 3 Tp = Rsech© wl 2 r a =sech0 m 7 5 

r ? „,=7 6 r^„ = 7 7 r ; = 7' i = 8,9 (C.it) 



6 This is just the usual T 4 projection, T 6789 eo = £q. 



20 



and 

r T = i S ech^7° r^ = ^csc07 4 = ^U 1 r " = ^ 3 

1 1 

= -(-tanho^ + cosh©^ 2 ) T a = -(- cot#7 4 + cosh0 m 7 5 ) 

r^ = 7 6 r^' = 7 7 r = 7 ! ' 1 = 8,9 (C.18) 

The three-form field G3 reads in this case 

G3 = — Ktanh0 z „ cosha;dT Adco A (zd£ m + d^) + _Rtanh0 m sin#d0 Adcp A (id£ w + d£ m ) 

(C.19) 

D Killing spinor equations in Type IIA SUGRA 

The supersymmetry variations for the dilatino and the gravitino for type IIA supergravity 
read 



(D.l) 



Visa = -\v M <s> UA T M ^e+ ^-r H ^ M2M r M ^e 

^J-^ A 2 ) T M 1 M 2p , _J_ p ^i A F (4) r M 1 M 2 M 3 M ir ll ( , _ n 

8-2! Mi M 2 8-4! r M 1 M 2 M 3 M 4 1 1 fc — u 

8y M = v M e + 4^<m 2 m 3 (r M ™ 3 - 9^r^) r" e 

- 1-/^^m 2 {r M M ^ - i4Cr M2 ) r" e (D.2) 



-I p~r~ F y ' 

256 M1M2M3M4 



p M M 1 M 2 M 3 M4 _ ^jMipM 2 M 3 M 4 ^ £ _ g 



where the spinor e is taken to be Majorana but not Weyl. Here Qua is the dilaton field of 
type IIA supergravity and the three-form field, H( 3 ) = dB( 2 ) is the NS field strength. 

We will consider two cases depending on how the circle chosen to perform T-duality. We 
first look at the case in which the sphere is squashed, followed by that in which the anti-de 
Sitter space becomes warped. 

D.l Squashed Sphere 

Let the coordinates along the squashed sphere SqS 3 be denoted by x = {6,<p, a.} (the coor- 
dinates on AdS are {t, lo, a}). The covariant derivatives along these directions are given by 



(sech m -2) 34 sech0 m . 35 

V ( p = d < p + cos 9Y H sin 0Y , (D.3a) 

sech0 m 45 sech 2 m 34 , n , u 

T> e = d e 7 43 , V a = d tt + Y (D.3b) 
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The antisymmetric fields on this basis read 



H 3 = R tanh m sin Odd A dtp A d£, m 
F 2 = R tanh m sin 0d0 A ci<£ 

r R 2 , 

F4 = — — 2 sin A dtp A dec + R cosh o;d£ Adco Ada 



Ad£,n 



L cosh0 m 

The T-matrices in the background are related to those in the orthonormal frame as: 



(D.4) 
(D.5) 

(D.6) 



r e = R7 3 



T a = Rsech0 m 7 5 



r* = R 



sin 07 4 + sech m cos 67 s 



(D.7) 



and 



r = i 7 3 r^ = I C sc07 4 



r = 



R L 



cot 6 + cosh m 7 ; 



(D.8) 



The variations of the gravitino, SrpM = 0, give raise to the equations: 



d<b + 



(sech 2 m — 2) 34 sech© 



cos 6j M + 



■ sin Qy 



.35 



,.3459 _ 7 345^ r ll e 



+ ^ tanh© m (sin (67 s9 - 77 s ) + sech© m cos 6 (2j 3 
+ ^ (sin (5 sech m 7 359 - 37 01249 ) - sech m cos 6 (5 sech m 7 349 + 37 01259 ) ) e = 



Slpg 
5lp T 



sech m 34 
d a + -. 7 J4 



e + tanh m (2 sech K 



? 3459 _ ? 345^ r ll £ 



^ (5 sech 2 m7 349 + 3 sech m7 ' 



01259^ 



e = 



sech0 m 45 

de ^7 45 



e + 1 tanh0 m ((-6 7 49 + 7 7 4 )) r n e - 1 (5sech0 m 7 459 + 3 7 01239 ) e = 



1 



8 T — - (sinh lvj + cosh lvj 



l2^ 



+ 32 



^ tanh0 m (sinho;(27 2349 - 7 234 ) - cosho;(27 0349 - 7 034 )) r n e 
+ ^ (sinhw(3sech0 m 7 23459 - 57 019 ) - cosho;(3sech0 m 7 03459 + 5 7 129 )) e = 
^ = [a. + ^7 01 | e + ^ tanh0 m (2 7 2349 - J 234 ) I n e + 1 (3sech0 m 7 23459 - 5 7 01 
^ w = k, + * 7° 2 | e + ^ tanh0 m (2 7 1349 - 7 134 ) T u e + 1 (3sech0 m7 13459 + 5 7 029 ) e = 



e = 



= 9 l£ + 1 (27 049 - 7 04 ) r u e + ~ (sech m7 l3459 + 7* 129 ) e = 



1 tanh©„ 



(_ 6? 34 _ 7 349^ T U £ + 5_ 1 ^ sech0m 7 345 + y)*) £ = q p 9) 
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and the dilatino variation gives: 



tanh © m ( 27 349 - 3j M ) e + ( sech © m y 



34 



3459 , ^,0129 \ r ll 



7 



T LL e = 



(D.10) 



Combining this equation with eqs. (D.9 1 one obtains: 
1 



3,e 
dr e 

few 

d a e 
d w e 
d T e 
d e e 
d a e 



2R 
1 

R 

1 r 

~2 
1 

~2 L 
1 

2 L 



tanh© m 7 34 Q_7T n e 
tanh© m 7 34 Q + r n e 

7 O1 Q_+tanh0 m 7 234 Q + r n 
7 O2 Q + +tanh0 m 7 134 Q + r n 
(sinho;7 01 + cosho;7 12 )Q + - tanh0 m (sinha>7 234 - cosho;7 034 )Q + r 11 



1 r 
2 



7 O123 Q+-tanh0 m 7 4 Q + r 



li 



1 r 
2 



sech z m7 34 Q_ + sech0 m tanh0 m 7^ 5 Q + r 



345, 



-11 



(sin07 O124 Q+ - (sech 2 m Q_ - 1) cos 9y 



34 \ 



tanh m (sin Qy 5 Q + - sech m cos #7 345 Q+)T 



-li 



(D.ll) 



Here Q± = These equations all have solutions of the form e = exp xe$. One needs to 
be careful with the boundary conditions when compactifying. Therefore, from the equation 
for the S 1 , denoted by the coordinate z, one obtains the following constraint on the Killing 
spinors 

7 34 Q+r n e = (D.12) 

Hence the Killing spinors do not depend on the torus coordinates as it should be. Let us 
write e = e\(co , t , cr)e2{9 , (p, ot)eo, with eo a constant Majorana spinor. The set of equations 
for the AdS coordinates becomes 



da,e 1 = --y 01 Q+e 1 



7 01 2-e 1 



d T e\ = - fsinh co j 01 + cosh coy 12 } Q 



Mi 



(D.13) 
(D.14) 
(D.15) 



Which can be immediately solved as we did on the previous section, by writing e\ (co, r, a) = 
e\ w (to)e\ x (ta, x)e\ (r {ca, r, a) (they are just the Killing spinor equations for AdS$). One obtains 

ei {co, t, a) = exp {-^7° 2 Q+} exp { X - y 11 Q + } exp { | 7 01 Q_ } (D.16) 
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The remaining equations can be solved in analogous fashion. Let £2(6, <p,0i) = £20 (#)£2<f> (#/</>) e2a($/ !/>/#)• 
The solution is: 



e 2 (e,(p,a) =exp<J -y WZi Q+ 



exp jtanh 2 © 



m COS V \ j- ) 7 



34 



+ exp {f 7 34 } fi+] exp {- sech 2 m | 7 34 Q-} (D.17) 



If one writes e = e + + e_ with Q±e± = ±e± one can verify that only the supersymmetries 
associated to the e_ spinors are preserved after T-duality. Hence the solution is 1 / 4-BPS. 
When the deformation parameter is such that sech m = 0, there are no spinors depending 
on the T-dual coordinate and supersymmetry is restored to 1/2-BPS. This corresponds to the 
case in which the geometry becomes AdS^ x S 2 x S 1 x T 4 



D.2 Warped AdS 

Let the coordinates along the warped anti-de Sitter space WAdSs be denoted by x = {t, to, a} 
(the coordinates on the sphere read {Q,ip,<p}). The covariant derivatives along these direc- 
tions are given by 



P T = 9 T+ (5ech ®-~ 2) sinha;7 01 



sech 07, 



V w = d w + 



sech© 



9b + 



4 

sech 2 l( , 01 
7 



cosh a? 7 



12 



The antisymmetric fields on this basis read 

H3 = —R tanh © w cosh codr Ada) A d£ w 
F2 = — R tanh © w cosh codr A dco 

F 4 = -R 2 sech 2 0a, cosh codr A dw A dfi + R 2 sin 9d6 A dtp A d<p A dZ, w 
The r-matrices in the background are related to those in the orthonormal frame as: 
To; = K7 1 = R sech ©zvl 2 r T = R [— cosh coy + sech © w sinh co'y 2 ] 



(D.18a) 
(D.18b) 



(D.19) 
(D.20) 

(D.21) 



(D.22) 



and 



T T = — sech coy 



= - [- tanh coy + cosh © w y 2 } 



(D.23) 
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The variations of the gravitino, 5ipM = 0, give rise to the equations: 

,2, 



(seen & w -2) . 01 sech© K , 12 
d T H - sinh coy cosh coy 



+ ^tanh© 1( , (cosho;(67 19 -77 1 ) +sech0 ro sinho;(-27 0129 + 7 012 )) T n c 



32 



cosho;(5sech0 a ,7 129 - 37 03459 ) + sech© ro sinho;(5sech0 zl ,7 uiy + 3j IMW ) ) e = 



019 , a^,23459 > 



Stpp 
He 



sech ©a, 02 
dev H -. 7 



sech JP 01 

9fl + -: 7 



e + ^ tanh0 ro ( -67 09 + 7 7 ° ) T n e 



1 

32 



-5sech0, u 7 uzy +37 



029 , a^,13459 



e = 



l 

' 32 

a 1 

3e- j7 



c + — tanh©^ ( -2 sech Q^ 0129 + 7 012 ) T n e 



5 sech 2 zu 7 Uiy + 3 sech ro 7 23459 e = 



45 



32 



e + - tanh0 I(I ( -2 7 0139 + 7 013 ) T n e 



32 



3sech0 !U 7 O1239 - 57 459 )e = O 



dy — j (cos 07 34 + sin 8y 



32 

1 

32 



~ tanh ro ( sin 9 ( -2 7 0149 + 7 014 ) + cos 8 ( -2 7 ' 



0159 , „.015\\ T-ll 



7 



sin 0(3 sech ltf 7 01249 + 57 359 ) + cos 9(3 sech Q w j mzw - 5j MV ) )e = 



01259 r„,349' 



5ip<p 



34 



32 



tanh0 l(! ( -2 7 0159 + 7 015 ) r n e + ( 3sech0 a ,7 UiZ5y - 5 7 iW ) e = 



32 



,01259 r„,349 



1 1 

32R 
1 1 



= *fi + tanh©, -2 7 01 ' 9 + 7 01 M r n £ + ^ (sech0 ro 7 01219 - 7 345 ' 9 



= 9 fB e + -- tanh0 !U (6 7 01 + 7° 19 ) r u e + — (- sech©^ 012 + 7 345 ) e = 



3 
32R 
_5_ 
32R 



and the variation of the dilatino 

tanh0 z „(-27 019 + 3 7 01 )e + (- sech © lvl 0129 + 7 3459 )r n e = 
Using ( D.25| into the previous equations, yields 

d t e= ~t<mh© w7 01i Q + T u e 



(D.24) 



(D.25) 



dr e 
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~R 
1 r 



tanh0 a ,7 O1 Q + r 11 e 



7 45 Q++tanh0 zt ,7 Ui3 Q + r 



dye 2 
d<pe 
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1 r 



013/-) r li 



(- sin 07 35 + cos 67 s4 ) Q+ + tanh w (sin 07 014 + cos 07 015 ) Q+T 
7 34 Q_ -tanh0 ro 7 O15 Q + r n j e 
sech 2 7 01 Q+- sech 0^ tanh ® wl 012 Q+T 11 
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2 L 
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2 
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-7 1345 Q-+tanh© a/y g+r 



11 



(-cosho;7 0345 Q_ - (sech 2 l( ,Q + - 1) sinh W7 U1 ) 



01 - 



+ tanh0 ro (sech0 ro sinh(x>7 O12 Q + — cosho;7 1 Q+)r 



11 



(D.26) 



Again, these equations have solutions of the form e = exp xe$. As before, from the equation 
for the z coordinate, one obtains the constraint on the Killing spinors 



7° 1 <2 + r li e = o 



n. 



(D.27) 



We write e = e\{6, ip,(p)e 2 (co,T, j6)eo, with eo a constant Majorana spinor. The set of equa- 
tions for the sphere coordinates becomes 



deei = 2? 45 Q+ei 
9^i = -^7 34 Q-ei 



9^1 = \ (-sin07 35 + cos6>7 34 ) Q +£l 



(D.28) 
(D.29) 
(D.30) 



Which can be immediately solved as we did on the previous section, by writing e\ (9, xp, (p) = 
eie(6)eiy (8, xp)ei^,(8, tp, (p) (they are just the Killing spinor equations for S 3 ). One obtains 



etf.M) = exp |^7 45 Q + } exp || 7 34 Q + } exp {-f 7 34 Q 

The remaining equations can be solved in analogous fashion. Let 

e 2 ((v,T,p) = e 2co (io)e 2r {w,x)e 2 ^{w,x,^) . 

The solution is: 

e 2 {w,T,p) = exp |-|y3 4 5 Q _} [ exp { _ tanh © w 2 sinh w (J) 7 01 } Q+ 

+ exp{l7° 345 }Q 



(D.31) 



(D.32) 



exp|-sech 2 l(; ^7 ul Q + j (D.33) 

The arguments given in the previous section also apply to this case. For e = e + + e_ with 
Q±e± = ±e± only the supersymmetries associated to the e + spinors are preserved after T- 
duality and the solution is 1/4-BPS. When the deformation parameter is such that sech © w = 
0, there are no spinors depending on the T-dual coordinate and supersymmetry is restored to 
1/2-BPS. This corresponds to the case in which the geometry becomes AdS2 xS 1 x S 3 x T 4 
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